Abstract. In the present paper, we propose a two-component generalization of the reduced Ostrovsky equation, whose differential form can be viewed as the short-wave limit of a twocomponent Degasperis-Procesi (DP) equation. They are integrable due to the existence of Lax pairs. Moreover, we have shown that two-component reduced Ostrovsky equation can be reduced from an extended BKP hierarchy with negative flow through a pseudo 3-reduction and a hodograph (reciprocal) transform. As a by-product, its bilinear form and N-soliton solution in terms of pfaffians are presented. One-and two-soliton solutions are provided and analyzed. In the second part of the paper, we start with a modified BKP hierarchy, which is a Bäcklund transformation of the above extended BKP hierarchy, an integrable semi-discrete analogue of two-component reduced Ostrovsky equation is constructed by defining an appropriate discrete hodograph transform and dependent variable transformations. Especially, the backward difference form of above semi-discrete two-component reduced Ostrovsky equation gives rise to the integrable semi-discretization of the short wave limit of a two-component DP equation. Their N-soliton solutions in terms of pffafians are also provided.
Introduction
The partial differential equation
is a special case (β = 0) of the Ostrovsky equation
which was originally derived as a model for weakly nonlinear surface and internal waves in a rotating ocean [1, 2] . As pointed in [3] , equation ( Moreover, the linear term c 0 u x can be eliminated by a Galilean transformation. Therefore, without loss of generality, we can assume γ = 3 and consider specifically the following equation 5) which is called the reduced Ostrovsky equation hereafter. Several authors derived basically the same model equation from different physical situations [4, 5, 6] . Particularly, it appears as a model for high-frequency waves in a relaxing medium [5, 6] . Therefore the reduced Ostrovsky equation (1.5) is sometimes called the Vakhnenko equation [7, 8, 9] , the Ostrovsky-Hunter equation [10] , or the Ostrovsky-Vakhnenko equation [11, 12] . Differentiating the reduced Ostrovsky equation (1.5) with respect to x, we obtain u txx + 3u x u xx + uu xxx − 3u x = 0 , ( 6) or in an alternative form
Eq. (1.6) or Eq. (1.7) is known as the short wave limit of the Degasperis-Procesi (DP) equation [13, 14] . The reason lies in the fact that eq. (1.6) can be derived from the DP equation [15] U T + 3U X −U T XX + 4UU X = 3U X U XX +UU XXX , (1.8) by taking a short wave limit ε → 0 with U = ε 2 (u + εu 1 + · · ·), T = εt, X = ε −1 x. Based on this connection, Matsuno [14] constructed N-soliton solution of the short wave model of the DP equation from N-soliton solution of the DP equation [16, 17] . By using the reciprocal link between the reduced Ostrovsky equation and periodic 3-reduction of the B-type or C-type two-dimensional Toda lattice, i.e. the A
2 2D-Toda lattice, multi-soliton solutions to both the reduced Ostrovsky equation (1.5) and its differentiation form were constructed by the authors in [18] . Furthermore, we constructed an integrable semi-discrete reduced Ostrovsky equation [19] from a modified BKP hierarchy based on Hirota's bilinear approach [20] . The integrability and wave-breaking was studied in [21] . Interestingly, the short wave limit of the DP equation (1.6) also serves as an asymptotic model for propagation of surface waves in deep water under the condition of small-aspect-ratio [22] . Most recently, the inverse scattering transform (IST) problem for the short wave limit of the DP equation (1.6) was solved by a Riemann-Hilbert approach [12] .
In the present paper, we propose and study a two-component generalization of the reduced Ostrovsky equation 10) which is shown to be integrable by finding its Lax pair and multi-soliton solution in subsequent sections. Differentiating Eq. (1.9) with respect to x, we also have
The system (1.10)-(1.11) is also integrable, which can be viewed as the short wave limit of a two-component Degasperis-Procesi equation.
The remainder of the present paper is organized as follows. In section 2, we find Lax pairs for two-component reduced Ostrovsky equation and its differential form. Then in section 3, starting from an extended BKP hierarchy with negative flow and its tau functions, we derive a two-component reduced Ostrovsky equation by a pseudo-3 reduction and an appropriate hodograph transform. Its bilinear form and N-soliton solution in parametric form are also given. In section 4, starting from a modified BKP hierarchy, which can be viewed as the Bäcklund transformation of above extended BKP hierarchy, we construct integrable semidiscrete analogues of two-component reduced Ostrovsky equation and of the short wave limit of a two-component DP equation. We conclude our paper by some comments and further topics in section 5.
The Lax pairs
Eq. (1.10) represents a conservation law, which can be used to define a hodograph (reciprocal) transformation (x,t) → (y, s) by
then we have
By using above conversion formulas, we have the new conservative law
by defining φ = ρ −1 . Note that Eq. (1.9) can be rewritten as
which, in turn, to be
As shown in [13, 23] , Eqs. (2.4) and (2.6) belongs to the first negative flow in the SawadaKotera hierarchy. The corresponding Lax pair for c = 1 is of third order, which can be expressed as
The above Lax pair can be rewritten in a matrix form
Applying the hodograph (reciprocal) transformation (2.2) to (2.9), we find
It is easy to find that the zero-curvature condition for (2.12) yields the two-component reduced Ostrovsky equation (1.9)-(1.10).
As the link of Lax pairs found by Hone and Wang in [13] between the reduced Ostrovsky equation and the short wave limit of the DP equation, by considering the second component in above matrix form (2.12), we have
15)
The compatibility condition ψ xxxt = ψ txxx gives the short wave limit of the two-component DP equation (1.10)-(1.11).
Bilinear equation and N-soliton solution for the two-component reduced Ostrovsky equation

Bilinear equation
The bilinear equation
is a dual bilinear equation
which belongs to the extended BKP hierarchy [20, 24, 25] . It has been shown in [18] that this bilinear equation yields the reduced Ostrovsky equation (1.5) through a hodograph transformation. Based on this finding, an integrable discretization of the reduced Ostrovsky equation (1.5) was constructed in [19] . Impose a pseudo-3 reduction by requesting D x −3 = cD x −1 and assume
By using the relations
Introducing a dependent variable transformation
and a hodograph transformation
we then have ∂x ∂y
by defining ρ −1 = 1 − 2(ln τ) ys . Obviously, we have ρ
which, in turn, becomes
Furthermore, referring to the hodograph transformation and the resulting conversion formula (2.2), we obtain 10) which is exactly Eq. (1.10). On the other hand, the dependent variable transformation (3.5) converts Eq. (3.4) into
With the use of the conversion formula (2.2) by hodograph transformation, we have 
N-soliton solution for the two-component reduced Ostrovsky equation (1.9)-(1.10)
It is known that both the bilinear equations (3.1)-(3.2) admit a pfaffian-type solution [20, 18, 19] 14) where the elements of pfaffian are defined by
with
) . Similar to the 3 reduction of the BKP hierarchy, to realize the pseudo-3 reduction D x −3 = cD x −1 , we need to impose a constraint on the parameters of the general pfaffian solution, i.e.,
and
Note that the pfaffian τ can be rewritten as
it can be easily shown that τ satisfies
Under this reduction, the variable x −3 becomes a dummy variable, which can be viewed as a constant. Summarizing the results in question, we can present the N-soliton solution by the following theorem.
Theorem 3.3. The two-component reduced Ostrovsky equation (1.9)-(1.10) admits the following N-soliton solution in parametric form
where τ is a pfaffian 20) whose elements are defined by
Here ξ j = p j y + p −1 j s + ξ j0 with the wave numbers p j ( j = 1, · · ·, 2N) satisfy a condition p
One-and two-soliton solutions
In this subsection, we provide one-and two-soliton for the two-component reduced Ostrovsky equation (1.9)-(1.10) and give a detailed analysis for their properties.
One-soliton
For N = 1, we have
2 ). τ can be rewritten as
Therefore, we have the parametric form of the one-soliton solution
25)
26) Fig. 1 and Fig. 2, respectively . Even though the u-field has the same amplitude for both cases, the ρ-field is quite different. The amplitude of ρ is smaller that the asymptotic value of 1 at ±∞ for case (a), while it is larger than 1 for case (b). Moreover, the soliton moves to the right with velocity 1/3 for case (a) and to the left with velocity −1 for case (b). 
under the condition
Similarly, the above τ-function can be rewritten as
by having
Furthermore, if we let p −1
for i = 1, 2 and
To avoid the singularity of the soliton solution, the condition k 2 i + 2c < 0 (i = 1, 2) need to be satisfied. In regard to the interactions of two solitons, there are either catch-up collision or head-on collision depending on the values of parameters discussed previously. Furthermore, the collision is always elastic, there is no change in shape and amplitude of solitons except a phase shift. In Fig. 3 , we illustrate the contour plot for the collision of two solitons, and in Fig. 4 , the profiles before and after the collision. The parameters are taken as c = −2.0, k 1 = 1.0 and k 2 = 1.6. 
Integrable semi-discretization of the two-component reduced Ostrovsky equation
We could construct a semi-discrete analogue of the two-component reduced Ostrovsky equation based on the Bäclund transformation of the extended BKP hierarchy. For the sake of simplicity, here we take c = 1 without loss of generality. The starting point is a bilinear equation associated with the modified BKP hierarchy
This bilinear equation can be viewed as a Bäclund transformation of the extended BKP hierarchy. It admits a pfaffian type solution of the form τ l = Pf(1, 2, · · ·, 2N) l whose elements are determined by
where c i, j = −c j,i and
Note that if we take c i, j as in Eq.(3.16), τ l is rewritten
so by imposing a reduction condition 1
we can easily show that the pfaffian τ l satisfies
based on which we will derive the integrable semi-discretization. First, we introduce a discrete hodograph transformation
and a dependent variable transformation
it then follows that the nonuniform mesh, which is defined by δ l = x l+1 − x l , can be expressed as 8) which is related to ρ l by
Differentiating Eq. (4.8) with respect to s, one obtains
which is equivalent to
Dividing τ l+1 τ l on both sides of Eq.(4.4) and using the following relations by Eqs. (4.6) and (4.8). In summary we have the following theorem transform of the extended BKP hierarchy by defining a discrete hodograph transform and mimicking pseudo 3-reduction in continuous case. The N-soliton solutions are also provided in terms of pfaffians. It would be interesting to apply integrable semi-discretizations as integrable self-adaptive moving mesh methods [27, 28, 29] for numerical simulations of the two-component reduced Ostrovsky equation.
A two-component Camassa-Holm (2-CH) equation [31, 32, 33] and its short wave limit, also called two-component Hunter-Saxton (2-HS) equation [34, 35, 36, 37] , have been known for while and has drawn some attentions in mathematical physics. Both equations can be expressed by the same form m t + um x + 2mu x − σρρ x = 0, (5.1) 
